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2. All questions are compulsory. /
3. Attempt any three parts from

1. (a) Use the €-8 definition of the limit to find lim f(x)

where f(x):~1—. (3)

l-x

(b) State and prove Sequential Criterion for Limits.  (5)

(c) State Squeeze Theorem. For n e N, n >3, denve the

-

incquality, —x? < x" < x? for ~1 <x < 1. Hence prove

: " . ; > )
thiat Iu_u x" =0 for n -3, assuming that l\“}j K=

(3)
PO
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) Let f, g be defined on AcR to R, and let ¢ pe

a cluster point of A. Suppose that { is bounded on

a neighbourhood of ¢ and that limg=0. Prove that

X=»C

limfg=0. (5)

X —=C

2. (a)Let ¢ € R and let f be defined for x € (c, ») and

f(x) > 0 for all x € (¢, ). Show that lim f=cw if and

X=»C

only if lim p=0. (5)

X—C

(b) Prove that

R
(i) lim =400, X0

0 x|
(i) lim & =0, x#0. (5)

(c) Let A=R and let f be Dirichlet’s function defined by

1, for x rational
g(x) = o
-1, for x irrational

Show that f is discontinuous at any point of R. (5)

(d) Let f: R - R be continuous at c and let f(c) > 0. Show

that there exists a neighbourhood V;(c) of ¢ such that
if x € Vg(c) then f(x)> 0. (5)
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3. (a) Determine the points of continuity of the function
f(x)=x-[x], x € R, where [x] denotes the greatest

integer n € Z such that n <x. (5)

(b) Let A, Bc R, let f: A—> R be continuous on A, and
let g: B —> R be continuous on B. If f(A) < B, show

that the composite function gof: A — R is continuous
on A. (5)

(c) Let f be a continuous real valued function defined on
[a, b]. Show that f is a bounded function. (5)

(d) Prove that a polynomial of odd degree has at least one

real root. (5)

4. (a) Define uniform continuity of a function on a set A c R.
Show that every uniformly continuous function on A is
continuous on A. Is the converse true? Justify your

answer. (5)

(b) Show that the function /x is uniformly continuous on

[0, ). (3)

(c) Let I, J be intervals in R, let g: [ >R and f: J >R
be functions such that f(J) c I and let c € J. If f 1s
differentiate at ¢ and if g is differentiate at f(c), show

that the composite function gof is differentiate at ¢ and

(gof)'(c) = g'(f(c)).f'(c). (5)

P.T.O.



(d) Let £: R 5 R be defined by

s .1
f(x): X sm;, X #0
0. x=0
Show that f is differentiable at x =0 and find

£(0). (5)

h

(a) Let f be continuous on [a, b] and differentiate on (a, b).

Prove that f is increasing on [a, b] if and only if
f'(x)>20 Vx e [a,b]. (3)

(b) State Darboux’s Theorem. Suppose that if f: [0,2] > R

1s continuous on [0, 2] and differentiate on (0, 2), and
that f(0)=0, f(1)=1, f(2)=1.

(1) Show that there exists ¢, € (0,1) such that
f'(c,)=1

(1) Show that there exists ¢, € (1,2) such that
(e, )=10 n
(11) Show that there exists ¢ ¢ (0,2) such that

f'(c) = 1/3. (5)

(c) Find the Taylor series for cos x and indicate why it
converges to cos x Vx € R, (3)

(d) Define a convex function on [a, b]. Check the convexity

of the following functions on given intervals :
(1) f(x) = x - sinx, x € [0, «].
(i) g(x) = x>+ 2x, x € [-1,1]. (3)
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