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Questions

1. (@) LetG ={[; g]zs € R,a=# 0}. Show that G is a group under matrixw:ultiplication. (6)
(b) (i) Prove that if G is a group with the property that square of cvery element is
identity then G is abelian.

(ii) Define center of a group G. Show that center of a group G is an abelian subgroup
of G. 2+4)

| (c) Define order of an element. Consider the element A= [:} ll] . What is the order of

Ain (i) SL(2,R) (i) SL (2,2 ,), pisaprime. (6)

2. (a) Let G=<a>be acyclic group of order n. Prove that G = <a*> if and only if

ged(n, k) = 1. Find all the generators of Zjo. (6.5)

_(b) Suppose that a and b are group elemcuts that commute have orders m and n
respectively. If <a> N <b> = {e}. Prove that the group contains an element whose
order is the least common multiple of m and n. Show that this need not be true if 8

and b do not commute. (6.5)
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(¢) Let ‘o' be a fixed element of a group G. Define centralizer of the element a. Show
that Z(G) = (| C.(a)- (6.5)
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@ (1) Prove that product of two odd permutation is an even permutidion.
(1) Show that Z(5,) = (e ) forn> 3. (2+4)

(b) Show that 1l H 1s a subgroup ol S, then every member of H is an evien permutation
or exactly half of them are even. (6)

(¢) (1) Let Hand K be subgroups of a group G . If [H| = 12 and |K| = 35, find [HN K].
(i) Find all left cosets of {1, 11} in U(30). (2+4)
(a) State and prove Lagrange's theorem for finite groups. (6.5)

(b) (1) Prove that every subgroup of D, of odd order is cyclic.

(11) Prove or disprove Z x Z is a cyclic group. (3.5+3)
(c) Define index of a subgroup in a group. Show that Q, the group of viutional numbers

under addition has no proper subgroup of finite index. (6.5)
(a) Let G be a group and H a normal subgroup of G. The set G/l = jaH|a € G} isa

group under the operation (aH) (bH) = abH. (6)
(b) Let N be 2 normal subgroup of a finite group G. If N is cyclic, prove thai every

‘subgroup of N is normal in G. (6)
(¢c) Determine ali the homomorphisms from Z,, to gy (6)

_ (a) Suppose thal ¢ is an isomorphism from 2 group G onto a group (" . Prove that G is
cyclic if and only if G* is cyclic. Hence show that Z, the group of integers under
addition is not isomorphic to Q, the group of rationals under addiuon. (6.5)

(b) State and prove Cayley’s theorem. (6.5)

(¢) LetMand N be normal subgroups of a group Gand N © M. Prave that

(G/NY(M/N) = G/M. (6.5)
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