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Instructions for Candidates

1. Write your Roll No. on the top immediately on receipt of the question  uper.
Altempt any two parts [rom each question.
All questions are compulsory,

~
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1(a) (1) Forany elements « and b from a group and any integer » prove that " lha)" =
a bt .

(i) Give an example of a non-cyclic group all of whose proper subgrou; - are cyclic.
(b) Define center of a group. Prove that the center of a group G is a subgrou - of G.

(¢) If G = {(a)isacyclic group of order 1 then prove that G = (a*) iffg.c.d (k n) =1.

(6x2=12)

a G 5 , 6 gk i
2(a) LetG = {Lﬂ’ ’z] la € Ra# 0}a .Show that G is a group under matrix nultiplication.

=

(b) () LetH be a non empty finite subset of a group G. Then prove that #/ . a subgroup of G
if H is closed under the operation of .

(i) Let G be a group and let « be any element of G. Then prove that (a is subgroup of G.

(¢) () How many subgroup does Z3p have. List a generator for each of the ..
.. i 1 n . . N - o - 5
(i1) Prove that H = 0 1 [n€Z{ isacyclic subgroup of GI (2, R (6x2=12)

3(a) Prove that the order of a permutation of a finite set written as a product « ! disjoint cycles,
is the Jeast common multiple of the lengths of the cyeles.

(b)  State and prove Fagiange s Theorem. [s the converse true? Justily your nswer.
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(¢)  Let & be a group and // a normal subgroup of . Prove that the sel (’,"}
i
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4. (@) Show thatif H is 4 subgroup or §

EAT)

permutation or exactly half ot ther
(b) State and prove Fermat's Little Theorem.
(¢)(1) Prove that a subgroup H ot a group G 1s a normal subgroup of G i1 «nd only i

ghg' e H forallg e G and torallh € H.
(ii) Suppose G isa group and H ={g” :¢ € (i} is a subgroup of G. Prov  thatH

is a normal subgroup of G. (6.5x2=13

5. (a) Let G be a group and Z (G) be the centre of G. If G/Z (G) is cyclic then prove
that G is Abelian,
(b) Show that any infinite cyclic group is isomorphic to (Z, +) the group ol integers under
addition.
(c) Let G be a group of permutation and {1,-1} be the-multiplicative grouj:. For each
o € G, define a mapping

¢:G > {l.-1}

by I if ¢ is an even ;
o{g) =
-1 il & 1s an odd.

Prove that ¢ isa group homomorphism. Also, find Ker¢. (6.5%2 = 13)

6. (a) Suppose that @ is an isomorphisin from a group G onto a group G*. Prove that G is cyclic
it and only if G* is cyclic. Hence sh
under addition is not isomorphic to Q. L

ow that Z. the group of integers
he group of rationals under addition.

(b) If M and N are normal subgroups of agroup G and N £ M,

prove that (G/N) / (M/N) = G/M.
G* then prove that G/Kcr @ = Gr.

omorphism from G onto
6.5 x2=13)

(c) Let @ be a group hom
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