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1. (a) Define a group. Give an example of:
(i) an abelian group consisting of eight elements,
(ii) a non-abelian group consising of six elements,
(iii) an infinite abelian group, and
(iv) an infinite non-abelian group.

(b) Show that the set {5, 15, 25, 35} is a group under
multiplication modulo 40. What is the identity
element of this group? Find the inverse of each

element.

(c) Prove that the intersection of an arbitrary family of
subgroups of a group G is again a subgroup of G.
What can you say about the union of two subgroups?

Justify your answer. 2x6=12
P.T. O.
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2. (a) (i) Prove that in (Z, +), the group of integers under
addition, every non-zero element is of infinite
order.
(i) Let Gbe agroupandae G. If |a|=nand kis a

positive divisor of », then prove that | @ = .

(b) Prove that the order of a cyclic group is equal to the
order of its generator.

(c) Define a cyclic group. If G = (a) is a finite cyclic
group of order n, then prove that the order of any
subgroup of G is a divisor of n, and for each positive
divisor k of n , G has exactly one subgroup of order &,
namely, (a™%). 2x6.5=13

3. (a) Prove that if the identity permutation & = f8; --- 3,
where the f’s are 2-cycles then r is even.

(b) Show that for n >3, Z(S,) = {I}.
(c) Prove that:

(1) a group of prime order has no proper, non-trivial
subgroup. State its converse. Is it true?

(ii) a group of prime order is cyclic and any non-
identity element can be taken as its generator.
2x6=12

4. (a) Let G be a finite group of permutations of a set S. Then
prove that for any i from S:

IG| = |orbg(i)| |stabg (i) |.



(b) (i) Prove that the center Z(G) of a group G is a
subgroup of G and is normal in G.

(ii) If H is a subgroup of G such that H is contained
in the center Z(G), then prove that H is a normal
subgroup of G. Is the converse true? Justify your

answer.

(c) Let N be a normal subgroup of a group G and let H be
a subgroup of G. If N is a subgroup of H, prove that
H/N is a normal subgroup of G/N if and only if H is a

normal subgroup of G. 2x6.5=13

5. (a) Let C be the complex numbers and:

= JI8. =0}
M={2 ?]:ab er)
Prove that C and M are isomorphic under addition
and C* = C\{0} and M* = M \{0} are isomorphic
under multiplication.

(b) Prove that an infinite cyclic group is isomorphic
to (Z, +). Hence show that every subgroup of an
infinite cyclic group is isomorphic to the group itself.

(¢) Let G be a group of permutations. For each o in G,
define

1, if o is an even permutation,
sgn(o) = {—-1, if o is an odd permutation.

Prove that sgn is a homomorphism from G to {1, -3}

=12
What is the kernel? 2x6 =12
P. T. O.
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6. () Let ¢ be a homomorphism from a group G to a group
G. Let g be an element of G. Then:

1) ¢(@™) = ¢(g)" foralln € Z.

(i1) ¢ is one-one if and only if ker(¢) = {e}, where
e is the identity of G.

(b) State and prove the First Isomorphism Theorem.

(¢) (1) Suppose ¢ is a homomorphism from U(30) to
U(30) and Ker(¢p) = {1, 11}.

If ¢(7) =7, find all elements of U (30) that map
to 7.

(11) Le_th be a group. Prove that the mapping ¢(g) =
g > for all g € G, is an 1somorphism from G onto
G if and only if G is Abelian. 2x6.5=13
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