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1. {2) Let H be a finite nonempty subsct of a group G. Then, prove that H is a subgroup of
Gifand only if H is closed under the binary operation of G.
(b) Suppose that |a| = 24 Find a generator for < a?! > n< a*® >. In general, find a

generator for the subgroup < g™ >n<at >
(c) Let G be a finite cyclic group of order 1. Prove that for every divisor d of n, there exists

a unique subgroup of order n.
(6, 4+2, 6)

2. (a)Prove that cvery group of order 3 is Abelian.
(b) In a group G, prove that, forall @, b € G, the equations ax = b and ya = b have unique
solutions in G.
(c)Ina G group, let a, b € G such that (ab)? = a®b?. Then, prove that ab = ba.

(6,6,6)

3. (a) Prove that the disjoint cycles commute.

(b) Define a eyclic group! Prove that every group of order p, where p is a prime, is cyclic. @



(¢) Prove that the sct 4, of even permutations of the group S, 1s a normal subgroup of' S,

and |4, | = ISp1/2 . wheren 2 3.
(6,6,6)

4. (a) State and prove Lagrange’s Theorem.
(b) Definc a coset of a subgroup and a normal subgroup of a group G. Prove that a sub-
eroup H of G is normal if and only if xHx 1 € H. |
(c)i) Let H be a subgroup of a group G having the index 2. Then, prove that H is a normal
subgroup of G.

(i1) Let H be a subgroup of a group G such thatx? € H, forall x € G. Then, prove that H
1s a normal subgroup of G.

1 I 1
(2+4 1/, 2+4 2,4+2A)

G
5. (a) Let G be a group. Then, prove that —— = ]nn(G).

7 Z(G)

) (i) Find Aut(@).
(i1) Let G be a group and ¢ be a mapping from G to G defined by ¢(g) = g~!. Then,
prove that ¢ is an automorphism if and only if G 1s Abelian.
(¢) Let @ be a homorphism from a group Gto a group G and let g € G. If p(g) = g, then

prove that ¢~1(g) = gkerg.
1 g o1
(6‘5, 3+3'2', 65)

6. (a) Prove that every group is isomorphic to a group of permutations.
(b) Prove that any finite cyclic group of order n is isomorphic to Z,, and any infinite
cyclic group is isomorphic to %IQZ-"
(c) Let @ be a homorphism from a (g;roup G onto a group & . Then, prove that

= G.

ker'gb
(65,63.63)
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